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1 Introduction
While the properties of bulk fluids is of great interest, the behavior of fluids confined near surface
or within finite regions, such as pores or droplets, is no less important. With regard to aqueous
fluids, confined water is central to fields like geology, atmospheric science, aerosol science, and
biology.
Confined water and aqueous solutions has been examined using various forms of spectroscopy,
roughly falling into the ranges traditionally termed dielectric spectroscopy (ν . 1011Hz), terahertz
spectroscopy (1011Hz . ν . 1013Hz, or 3cm−1 . hν . 300cm−1), and vibrational spectroscopy
(100cm−1 . hν . 5000cm−1). Here, ν is the frequency of electromagnetic radiation and h is
Planck’s constant. In dielectric spectroscopy it is common to discuss the time scale
τ =
1
2piν
=
1
ω
(1)
because absorption of electromagnetic radiation with angular frequency ω is associated with a
physical process with time scale τ. An important feature in bulk water is the absorption peak
variously reported with τ ≈ 8.2-8.8ps,1–3 known as the “Debye” peak associated with reorientation
of water molecules.
In this work we study the shape and polarization fluctuations are a simple liquid water droplet
in coexistence with water vapor, using both molecular dynamics simulations and analytic theory.
Our main findings are that the Debye absorption feature is shifted to higher frequency by a factor
of roughly 24, and that there is a weak coupling between shape and polarization fluctuations.
To our knowledge, there are no experiments that directly test these calculations. We examined
water droplets because it is an inherently interesting problem, it may hopefully motivate some
experiments, and as a preparatory study to a possible investigation of more complex systems, like
reserve micelles.
Reverse micelles are one of the most thoroughly studied systems by dielectric, terahertz, and
vibrational spectroscopy. In reverse micelles Fig. 1, water droplets are stabilized within a non-
aqueous solvent by a surfactant. Reverse micelles are convenient for study because the size of the
droplets can be controlled by w, the number ratio of water to surfactant in the system.
w =
[water]
[surfactant]
(2)
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Figure 1: Schematic depiction of reverse micelles. Water is the color blue, and a non-aqueous
solvent in which water is immiscible is a tan color. The polar or charged head groups of surfactants
are arranged along the water surface, while the oily surfactant tails are within the outer solvent.
(In the literature, the ratio is called either w or w0.) Assuming that the area density of surfactant
does not change with droplet size, the water/surfactant ratio is the (droplet volume)/(droplet area)
ratio, linearly dependent on droplet radius. Dielectric and terahertz spectroscopy reveal several
qualitative features concerning reverse micelles.
• Spectral absorption feature with time scale that decreases from τ > 10ns for w . 10 to
τ ∼ 1ns for w & 10.4–7
• The spectral absorption feature associated with Debye relaxation now appears at a higher
frequency or shorter time scale, reported as τ ≈ 5ps,7 1ps8 and 2-5ps9 for various surfactants
and experimental conditions. In contrast to the lower frequency peak, the analogue of the
Debye peak is either insensitive7, 8 or weakly dependent on w.
This paper consists of comparison of simple continuum theory for shape and dielectric fluctua-
tions with detailed molecular simulations of water droplets. The document is organized as follows.
• Section 2: Details about molecular dynamics simulations of two droplets of 1728 and 13824
water molecules are provided.
• Section 3: We review available continuum theory that predicts shape fluctuations. The con-
tinuum theory is based on two ingredients. First, the energy change of the droplet as it
fluctuates in shape is governed by the instantaneous surface area times the surface tension
of the liquid. Second the motion of the fluid within its boundary is governed by linearized
hydrodynamics. And the boundary condition that the radial velocity of the interface itself
to equal radial velocity of both fluids at the interface is used. Continuum theory predicts
that shape fluctuations for water clusters of the size for which we have performed molecular
simulations should relax as an overdamped harmonic oscillator. We present evidence that
our molecular simulations are in good agreement with continuum theory.
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• Section 4: We consider a simple continuum theory for dielectric fluctuations of a spherical
droplet, and predict the effect of confinement on the dielectric spectrum. Again, the contin-
uum theory provides a good guide to the behavior of detailed molecular modeling.
• Section 5: We derive the high order coupling between shape and dielectric fluctuations
within the context of continuum theory. These results are confirmed by molecular simu-
lations.
• Section 6: We summarize our conclusions and discuss future applications in section .
2 Molecular dynamics simulations
We used the SPC/E interaction potential10 was used to describe interactions between water models.
The SPC/E model consists of three point charges at the hydrogen (qH = +0.4238e) and oxygen
(qO = −0.8476) positions, plus a Lenndard-Jones potential between all oxygen pairs.
v(r) = 4
[(
σ
r
)12
−
(
σ
r
)6]
(3)
σ = 0.316556nm (4)
 = 0.65017kJ mol−1 (5)
Despite its simplicity, the SPC/E model yields a water density, diffusion constant and dielectric
constant in good agreement with experiment.11–13 Important properties of SPC/E water relevant to
our work are given in Table
property T (K) SPC/E experiment
dielectric constant  298 70.711 78
surface tension 300 6.13 × 10−2N/m13 7.28 × 10−2N/m
density 300 1.002 × 103kg/m314 0.9965 × 103kg/m3
kinematic viscosity 300 7.02 × 10−7m2/s14 8.56 × 10−m2/s
(6)
Table 1: Physical properties of the SPC/E model
3 Shape fluctuations
3.1 Decomposition of droplet shape in spherical harmonics
When gravitational effects are relatively small compared to interfacial tension effects, a droplet of
water in equilibrium with vapor can be assumed to form a shape that slightly deviates from sphere.
This droplet boundary as a function of solid angle Ω about a chosen droplet center can be depicted
with spherical harmonics efficiently with few terms.15, 16
r(Ω) = r0[1 + u(Ω)] = r0[1 +
∑
`m
u`mY`m(Ω)] (7)
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The above form assumes that the droplet boundary function is single-valued in every direction
from the droplet center, i.e. that no “overhangs” appear in its shape. From this expression, an
expression for the volume and surface area of the droplet can be acquired.
A detailed derivation of the droplet volume and area in terms of the boundary function r(Ω) is
provided in an appendix. Here we quote the relevant results. We can expand the third order term
and ignore the high order terms because the u`m terms are small.
V =
r30
3
∫
dΩ
1 + ∑
`,m
u`mY`,m(Ω)

3
(8)
=
r30
3
∫
dΩ
1 + 3 ∑
`,m
u`mY`,m(Ω) + 3
∑
`,m
∑
`′,m′
u`mu∗`′,m′Y`,m(Ω)Y
∗
`′,m′(Ω) + O(u3)
 (9)
=
4pir30
3
(1 + u0)3 + r30
∑
`>0,m
|u`m|2 + O(u3), u0 ≡ u00√
4pi
(10)
From this formula, one can obtain the required constraints on the and u`m to keep a constant
volume V = 4pir
3
0
3 .
V =
4pir30
3
=
4pir30
3
(1 + u0)3 + r30
∑
`>0,m
|u`m|2 (11)
(1 + u0)3 = 1 − 34pi
∑
`>0,m
|u`m|2 to maintain V constant (12)
(1 + u0)2 = (1 − 34pi
∑
`>0,m
|u`m|2) 23 (13)
= 1 − 1
2pi
∑
`>0,m
|u`m|2 + . . . (14)
The droplet area is given by the following expression.
A =
∫
dA =
∫
dΩ
r2
nˆ · rˆ (15)
=
∫
dΩ
r2 + r202 (u2θ + u
2
φ
sin2 θ
)
 (16)
After integration,we have the expression for area.
A =
∫
dΩ
r2 + r202 (u2θ + u
2
φ
sin2 θ
)
 (17)
= 4pir20(1 + u0)
2 + r20
∑
`>0,m
|u`m|2 +
r20
2
∑
`>0,m
`(` + 1)|u`m|2 (18)
= 4pir20(1 + u0)
2 + r20
∑
`>0,m
(1 +
`(` + 1)
2
)|u`m|2 (19)
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Then, we insert the relation that (1 + u0)2 = 1 − 12pi
∑
`>0,m |u`m|2 + . . . into it to get the surface
area at constant volume.
A = 4pir20(1 + u0)
2 + r20
∑
`>0,m
(1 +
`(` + 1)
2
)|u`m|2 (20)
= 4pir20(1 −
1
2pi
∑
`>0,m
|u`m|2) + r20
∑
`>0,m
(1 +
`(` + 1)
2
)|u`m|2 (21)
= 4pir20 +
r20
2
∑
`>0,m
(` + 2)(` − 1)|u`m|2 (22)
This is the expression of area of a droplet with constant volume, later used to estimate the surface
energy of the fluctuating droplet.
3.2 Analytical treatment of the damped droplet decay
The shape fluctuation of a droplet in fluid medium is well studied by A. Prosperetti,17, 18 and by
C. A. Miller and L. E. Scriven.19 In Miller and Scriven’s paper, the droplet is assumed to be
isothermal, incompressible, and Newtonian. The ratio of radial displacement of the surface to
the wavelength along the surface is assumed to be small, so that the nonlinear term in the Navier-
Stokes equation can be neglected. This reasonable assumption can make the motion equation much
simper. The resulting equation for the flow velocity field v(r) is known as the Stokes equation.
∂v
∂t
= −1
ρ
∇P + ν∇2v (23)
In the above equation, P is the pressure, ρ is the mass density, and ν is the shear viscosity. The
Stokes equation is solved with the boundary condition that component of v(r) normal to the droplet
boundary is zero. It is convenient to introduce an auxiliary function, the vorticity.
w(r) = ∇ × v(r) (24)
The radial components of v(r) and w(r), v(r) and w(r), respectively, satisfy the following differen-
tial equations.
∇2( ∂
∂t
− ν∇2)(rw(r)) = 0 (25)
(
∂
∂t
− ν∇2)(rv(r)) = 0 (26)
It is supposed that v(r) and w(r) can be expanded in terms of spherical harmonics.
rv(r) = e−βltVlm(r)Yml (Ω) (27)
rw(r) = e−βltWlm(r)Yml (Ω) (28)
In the above equation, βl is the time constant that describes how a distortion of tensor rank l decays
to zero. In general, βl will solve a quadratic equation. The two roots will either be complex
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conjugate pairs of complex numbers, the under-damped case, or two real roots, the over-damped
case. Our systems falls in the over-damped regime. The smaller of the two roots for βl gives the
long-time approach to equilibrium.
When droplet and outer fluid is separated by a clean and simple interface which makes co-
efficients of interfacial viscosity and elasticity to be zero, βl is obtained by setting the following
determinant equal to zero,∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
βl 1 0 0 0
0 1 0 −1 0
0 1 − l wiRQJl+ 12 −(l + 2) C(H)−β?2l Γ
l(l+1)
βlρi
l − 2(l−1)µiR2 2µiwiR QJl+ 12 −
βlρi
l
βlρ0
l+1 − 2µ0(l+2)R2 −βlρol+1 + 2µ0R2 C(H)
0 2µi(l2 − 1) µiG(J) −2µol(l + 2) µ − 0F(H)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 0 , (29)
where
QJl+1/2 =
Jl+3/2(wiR)
Jl+1/2(wiR)
C(H) = 2l + 1 − woRQHl+ 12
F(H) = 2(2l + 1) + w20R
2 − 2w0RQHl+ 12
Γ = ρol + ρi(l + 1)
ρi/o = inner/outer fluid density
Jl+1/2 = half-integral-order Bessel function
wi =
√
βl
ν
R = radius of droplet
µi/o = inner/outer fluid dynamic viscosity
3.3 Result of continuum theory
In Miller and Scriven’s work, they provide much simplified versions of this equation at different
cases with proper approximations. The equation in the case that exterior fluid is rarefied and its
effect on the motion of droplet is negligible is a proper one used to determine the frequency of
droplet in vacuum analytically.
β?2l
β2l
=
2(l2 − 1)
w2i R2 − 2wiRQJl+1/2
− 1 + 2l(l − 1)
w2i R2
[1 − (l + 1)Q
J
l+1/2
1
2wiR − QJl+1/2
] (30)
6
where
QJl+1/2 =
Jl+3/2(wiR)
Jl+1/2(wiR)
β?l = (
γl(l + 1)(l − 1)(l + 2)
R3Γ
)
1
2
Γ = ρol + ρi(l + 1)
Jl+1/2 = half-integral-order Bessel function
wi =
√
βl
ν
R = radius of droplet
ρi/o = inner/outer fluid density
3.4 Compare shape decay frequencies obtained by MD and continuum the-
ory
According to linear response theory,20, 21 the decay of a weak perturbation from equilibrium should
decay as the time correlation function of the disturbance. Therefore, the solution of Eq. (30) for
βl gives the time constant for a correlation function of a tensor of rank l to decay to its long-time
value. Since they are linear combinations of spherical tensor elements Y2m, the elements of the
following Cartesian tensor should decay to zero with time constant β2.
Gab(t) =
〈rarb(t)rarb(0)〉 − 〈rarb〉2
〈rarb(0)rarb(0)〉 = e
−β2t a, b = x, y, z (31)
In the above equation, the overbars indicate average over molecules in the droplet,
rarb(t) =
1
N
N∑
i=1
N∑
j=1
riar jb , (32)
where ria is the ath Cartesian component of oxygen i from the center of mass of the droplet.
The angle brackets indicate a time average required to accumulate a correlation function over a
simulation of duration T .
〈A(t)B(0)〉 ≈ 1
(T − t)
∫ T−t
0
dt′A(t′ + t)B(t′) (33)
All the elements of the tensor G should decay with decay constant β2. In practice, we accumu-
lated the average diagonal element of the tensor G(t), that is, one-third of the trace of G(t).
1
3
Tr [G(t)] =
1
3
[
Gxx(t) + Gyy(t) + Gzz(t)
]
(34)
Averaging three elements gives us better statistics. The results are shown in Fig. 2, along with
exponential fits.
The decay constant for decay of shape fluctuations calculated using equation (30) is compared
with molecular dynamics results in Table 2. Continuum theory provide an excellent description of
droplet shape fluctuations.
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Figure 2: The shape fluctuation correlation function, 13Tr [G(t)] [Eq. (34)] for water droplets con-
sisting of 1728 (left) and 13824 (right) molecules. The molecular dynamics results are the blue
curves, and the exponential fit is in red.
Table 2: Decay constants for droplet shape fluctuations
1728 water 13824 water
simulation β (Hz) 4.34335 × 1010 2.13338 × 1010
analytic β (Hz) 4.15456 × 1010 2.17637 × 1010
4 Dielectric fluctuations
4.1 Polarization in bulk and in finite systems with interfaces
4.1.1 bulk system without boundaries
An electric field is applied to bulky material induces a polarization. In a homogeneous system,
polarization is the dipole moment per unit volume. When the system is inhomogeneous, as in the
case with boundaries, the notion of polarization has to be generalized, as described later. At the
level of continuum theory, polarization fluctuations in the presence of an electric field are governed
by the following Hamiltonian.
H =
∫
V
dr
[
P2
20( − 1) − E · P
]
(35)
The first term on the right hand side represents the free energy cost of aligning polar molecules.
The second term is the energy gain when dipoles align with the field.
The minimum free energy polarization is obtained by minimizing H, leading to the familiar
result,
P = 0( − 1)E . (36)
The factor ( − 1) is the electric susceptibility χ.
χ =  − 1 (37)
4.1.2 slab
When uniform electric filed is applied to the the material confined within infinite slabs, the con-
dition is different from the bulk material condition. The induced polarization within the material
8
Figure 3: Origin of polarization charge within an infinite slab.
induces surface charge on the boundary of the surface (Fig. 3).22 In continuum theory, the mag-
nitude of the polarization charge is n · P, where P is the polarization in the interior of the sample
and n is the outward surface normal. Thus, an extra term corresponding to the Coulumb poten-
tial between boundary charges, repulsive between like charges on the same surface and attractive
between charges on opposite surfaces, should be added into the expression of the total energy. A
detailed derivation is provided in the appendix. The result is a net increased free energy cost 120 P
2
that must be added to the bulk Hamiltonian of Eq. (35).
H =
∫
V
dr
[
P2
20( − 1) − E0 · P +
1
20
P2
]
=
∫
V
dr
[
P2
20( − 1) − E0 · P
]
(38)
The polarization in the uniform electric field is reduced by a factor of  compared to the bulk.
P = 0
(
1 − 1

)
E0 (39)
We use the symbol E0 for the applied field as a reminder that the total field within the material is
reduced by the polarization charge at the surface,
E =
1

E0 (40)
4.1.3 sphere
When the electric field is applied to a spherical droplet, we must again account for the Coulomb po-
tential arising from polarization charge (Fig. 4). The detailed derivation of total energy is provided
in the appendix. The result is an additional cost of polarization equal to 160 P
2.
H =
∫
V
dr
[
P2
20( − 1) − E0 · P +
1
60
P2
]
=
∫
V
dr
[
( + 2)
60( − 1)P2 − E0 · P
]
(41)
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Figure 4: Origin of polarization charge within a spherical drop.
The polarization of droplet in the electric field is
P = 0
3( − 1)
 + 2
)E0 , (42)
a well known result for a dielectric sphere.
4.2 The frequency dependent susceptibility
In the previous sections, we considered polarization of a bulk material, a slab, and a sphere in
response to a static field E. We found that P = 0χE = 0( − 1)E depends on the system geom-
etry. Next we consider linear response to a time-dependent field. It is useful to examine a single
frequency component.
E(t) = E(ω)eiωt (43)
Of course, complex-valued fields are not available in the lab. However any real experimental field
can be synthesized as a linear combination of pure frequency components. For example, a field
that is proportional to cosωt is a superposition of pure frequency components ω and −ω.
Standard results of linear response theory21, 23 tell us that a perturbation of frequency ω pro-
duces a polarization with the same frequency.
P(ω) = 0χ(ω)E(ω) = 0( − 1)E(ω) (44)
In general, χ(ω) is a 3 × 3 susceptibility tensor. When the system is isotropic and non-crystalline,
χ(ω) is diagonal and all three diagonal elements are identical.
Linear response theory tells us that susceptibilities can be expressed in terms of time correlation
functions evaluated in the absence of the perturbing fields. The electrical susceptibility χ(ω) is
given in many forms, one of which is in terms of time correlation functions of the total system
dipole M(t) =
∑N
i=1 qiri(t).
χ(ω) =
β
0V
[
〈MM〉 + iω
∫ ∞
0
dt eiωt 〈M(t)M(0)〉
]
, (45)
In general, χ(ω) is complex-valued. We can write,
χ(ω) = χ′(ω) + iχ′′(ω) . (46)
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The imaginary part of the susceptibility measures the rate at which the system absorbs energy from
the perturbing field. χ′′(ω) is the absorption spectrum.
When the dipole-dipole correlation function decays exponentially,
〈M(t)M(0)〉 = 〈M(0)M(0)〉 e−t/τ , (47)
the diagonal elements of the susceptibility tensor are given as follows.
χ(ω) = χ′(ω) + iχ′′(ω) (48)
(ω) − 1 = ′(ω) − 1 + ′′(ω) (49)
χ′(ω) = ′(ω) − 1 = ( − 1) 1
1 + (ωτ)2
(50)
χ′′(ω) = ′′(ω) − 1 = ( − 1) ωτ
1 + (ωτ)2
(51)
In the equations above,  is the static dielectric constant. The behavior of χ′(ω) and χ′′(ω) with
exponential relaxation of 〈M(t)M(0)〉 are shown in Fig. 5.
Figure 5: Behavior of χ′(ω) and χ′′(ω) with exponential relaxation of 〈M(t)M(0)〉
4.3 Debye peak shifted in confined configuration based on the continuum
Hamiltonian, compared with MD
A damped oscillation mode can be used to depict the polarization fluctuation. To make the math
easy and familiar, we recall Newton’s equation for a damped harmonic oscillator.
mx¨ = −kx − βx˙ (52)
where m is mass of the spring, k is the spring constant and β is the friction constant. When we
rearrange all terms to the left side, then insert the general solution that x = x0e−ζt and eliminate the
shared and nonzero exponential term on both sides. This leads to the following secular equation.
mζ2 + βζ + k = 0 (53)
ζ2 + 2γζ + ω20 = 0 where 2γ =
β
m
ω20 =
k
m
(54)
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The eigenfrequencies that emerge from the secular equation are
ζ = γ ±
√
γ2 − ω20 (55)
= γ ± γ
√
1 −
(
ω0
γ
)2
(56)
(57)
Since the polarization fluctuations are heavily overdamped, ω0
γ
is very small. The square root can
be expanded in terms of ω0
γ
.
ζ = γ ± γ(1 − 1
2
ω20
γ2
+ ...) (58)
=
 2γ −
ω20
2γ + · · · ≡ ζ f fast decay.
ω20
2γ + · · · ≡ ζs slow decay
 (59)
The trajectory of the damped harmonic oscillator in the overdamped limit can be written as
x(t) = x f (0)e−ζ f t + xs(0)e−ζst (60)
Since γ >> ω
2
0
γ
, the fast component rapidly decays to zero. After a short time,
x(t) ≈ xs(0)e−ζst, ζs =
ω20
2γ
when t >>
1
2γ
(61)
and the coordinate decays to zero as a single exponential. The decay rate increases with the force
constant of the harmonic oscillator (ζs ∝ ω20), and decreases with the friction (ζs ∝ 1/γ).
We now consider polarization fluctuations as a damped harmonic oscillator and ask how polar-
ization fluctuations should decay in a spherical droplet compared the bulk. Recall from Eq. (47),
that in a simple Debye model, polarization fluctuations decay with time scale τ. Making the anal-
ogy with the damped harmonic oscillator, we would expect τ in Eq. (47) to scale inversely to the
coefficient of P2 in the polarization Hamiltonians, Eqs. (35) (bulk), (38) (slab) or (41) (sphere).
For simplicity we assume that the friction coefficient is the same for the droplet and bulk.
τbulk
τsphere
=
ω20,sphere
ω20,bulk
=
( + 2) (3( − 1))−1
( − 1)−1 =
 + 2
3
(62)
Our expectation is that polarization fluctuations for SPC/E water at 300K should decay faster in
the droplet compared to the bulk by the factor
τbulk
τsphere
≈ 70.7 + 2
3
= 24.2 , (63)
and that the effect should be independent of droplet size.
This ratio is qualitatively, not quantitatively confirmed by simulation result of the bulk water
and water clusters of two different size. The dielectric spectra of the bulk water and water droplet
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are displayed below in Figs. 6 and 7. The peak at about 1011Hz in the bulk water spectrum is called
Debye peak which is corresponding to the polarization decay.
Figure 6: Dielectric Spectrum of bulk water (imaginary part)
Figure 7: Dielectric Spectrum of two different size clusters (imaginary part)
The peaks of two droplets are at almost the same frequencies, matching with the prediction the
frequency of the water droplet is independent of the size. The frequency of peaks are determined
by fitting to the formula of the Debye relaxation χ(ω) = ωτD1+(ωτD)2 . The result are display in the table
below.
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Table 3: The frequency of Debye peaks of bulk water and water clusters
log10(ω) ω ratio to bulk water
bulk water 10.98 9.508 × 1010 1
1728 water molecules 12.22 1.660 × 1012 17.45
13824 water molecules 12.24 1.738 × 1012 18.28
The ratio obtained using simulation is large, but not quite as large as the prediction. At this
point, it is not clear why simulation and analytic theory do not match better. One possible reason
is that the prediction of continuum theory assumes that the layer of polarization charge is infinites-
imally thin. It is actually distributed over a layer up to 1nm in thickness.22 Another reason may lie
with the fact that the dipole-dipole correlation function of the droplets is not a single exponential.
ln [〈M(t) ·M(0)〉 /3] for the small cluster (1728 molecules) is shown in Fig. 8. The correlation
Figure 8: ln
[〈
Mx(t)Mx(0) + My(t)My(0) + Mz(t)Mz(0)
〉
/3
]
= ln [Tr 〈M(t) ·M(0)〉 /3] for a cluster
of 1728 water molecules (blue curve). The brown line is shown to demonstrate that the correlation
function departs from a single exponential.
function is juxtaposed against a straight line to confirm that the correlation function is nowhere
exponential.
The deviation from exponential at times less than 1ps is expected. It is the well-understood
“inertial” behavior.24–26 However, the decay departs from exponential at later times as well. Ex-
plaining this departure is an unfinished part of this research. We do have a hypothesis: Shape
fluctuations (30-50ps,Table 2) are much slower than polarization fluctuations (0.6ps, Table 3).
Therefore, polarization fluctuations take place in a cluster that can be regarded as statically dis-
torted. In the next section, we show that polarization fluctuations are coupled to shape fluctua-
tions. They are slightly slower along a long axis, like the long axis of a prolate body, and faster
along a short axis, like the short axes of a prolate body. As a result, the Debye peak of a cluster
is really three peaks, corresponding to the three principle axes of the cluster, averages over shape
fluctuations. This may explain the non-exponential behavior.
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5 Coupled relationship between shape and polarization
5.1 Derivation of the coupling relationship between shape and polarization
When the droplet is allowed to deform, the total energy of the droplet in continuum theory is more
complicated than the fixed configurations such as slab or sphere. The deformed shape influences
the surface energy because the total surface area changes upon distortion (with volume fixed), and
the Coulumb potential due to the change in polarization charge, (n) ·P along the deformed surface.
To calculate the polarization energy, we borrowed from the literature on magnetic polarization.27, 28
The Coulomb energy cost of forming polarization charge is expressed in terms of the Fourier
transform of the polarization density.
upol =
1
2
∫
V
dr1
∫
V
dr2
qpol(r1) qpol(xsr2)
4pi0|r1 − r2| =
1
(2pi)24pi0
∫
dk |kˆ · P(k)|2 (64)
where P(k) =
∫
V
dre−ik·rP , kˆ =
k
|k| , (65)
and the distorted shape enter through the integral limits of the r-space integration over the droplet
volume V . The integral over k is over all of k-space.
In continuum theory, the total energy is composed of three contributions. γA is the cost of
forming the droplet surface with area A, uEP is the interaction between the applied field and the
polarization, and upol is the energetic cost of generating polarization charge [Eq. (64)].
H = γA + uEP + upol (66)
= γ
4pir20 + r202 ∑
l>0,m
(l + 2)(l − 1)|ulm|2
 + 4pir3030
[
−E0 · P + P
2
2
(
 + 2
3( − 1) −
1√
5pi
u20 + ...
)]
(67)
The leading term in shape distortion-polarization coupling is the one proportional to P2u20, where
the angles in the spherical harmonic expansion are with respect to the polarization vector P.
From this we learn that to quadratic order, there is no shape distortion-polarization coupling.
The leading term is
∝ −|P|2u20 , (68)
where u20 is the coefficient of the spherical harmonics Y02 . The expansion r(Ω) = r0(1 + ulmY
m
l (Ω))
is referred to the direction of P. A larger u20 value suggests a more elongated shape. Thus, this
term suggests that polarizations along the elongated direction/distortion along P are favored.
5.2 Polarization in body frame
The moment of inertia tensor of the 1728 water droplet is calculated for each frame of the simula-
tion. Then the moment of inertia tensor is diagonalized to find the principle axis direction of the
droplet. The principle directions of droplet is also the directions along which the droplet elongates
or compresses. The polarization along these directions are calculated and the results are displayed
in the table below.
The polarization value is largest in the elongated direction. It conforms the derivation con-
clusion that the polarization and the shape fluctuation are coupled. The polarization along the
elongated direction is favored.
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Table 4: Polarization along the principle axes (elongated or shortened axes)
direction Polarization square 〈M2〉
most elongated 737.97 Debye2
second 682.03 Debye2
third 633.284 Debye2
6 Conclusion
From this exercise, we have learned that continuum models have significant predictive power in
describing polarization and shape fluctuations of a water droplet, and the coupling between shape
and polarization fluctuations. In particular, shape fluctuations match continuum predictions nearly
quantitatively. Two aspects of polarization fluctuations in a droplet agree with continuum predic-
tions: droplet polarization fluctuations occur on a much faster time scale, and this shift is inde-
pendent of droplet size. The magnitude by which droplet polarization fluctuations are sped up is
70-75% of continuum predictions. We advanced two reasons for this quantitative discrepancy: The
droplet dielectric spectrum must be re-analyzed taking droplet shape distortion into account, and
the fact that in the droplet the polarization charge is distributed over a finite volume, and is not
concentrated in an infinitesimally thin layer as assumed in continuum theory.
Several tasks lay ahead to wrap up this work.
• Statistical error bars must be generated for the simulation data
• Using analytic theory, we should test the notion that allowing the polarization charge to
be spread over a finite volume in continuum theory will improve the comparison between
continuum theory and molecular dynamics.
• The comparison of analytic theory and simulation with respect to coupling of polarization
and shape fluctuations should be more quantitative.
It is tantalizing to speculate that what has be learned about isolated water droplet fluctuations
is relevant to the observed dielectric spectrum of reverse micelles, which contain pools of water
confined by a surfactant layer and non-polar solvent. We are considering whether to attempt a
simulation of a reverse micelle in order to confirm these speculations.
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Appendic 1. Surface of deformed droplet at constant volume
In polar coordinate, the radius of droplet can be expressed in terms of angles.
And the function of radius can be decomposed into spherical harmonics.
r(Ω) = r0[1 + u(Ω)] = r0[1 +
∑
`m
u`mY`m(Ω)] (1)
Let R(r,Ω) be the difference between arbitrary radical distance from origin and
the radius of droplet at this direction. The point is at the surface when R(r,Ω)
is 0.
R(r,Ω) = r − r(Ω) = 0 indicates point on surface (2)
Thus, the unit vector orthogonal to the surface can be determined by taking
the divergence of R and normalizing it.
nˆ(Ω) =
∇R
|∇R| unit orthogonal vector on the surface (3)
The divergence and the normalization are done in spherical coordinate.
∇ = rˆ ∂
∂r
+ θˆ
1
r
∂
∂θ
+ φˆ
1
r sin θ
∂
∂φ
(4)
∇R = rˆ− θˆ r0
r
uθ − φˆ r0
r sin θ
uφ (5)
nˆ(Ω) =
rˆ− θˆξuθ − φˆ ξsin θuφ(
1 + (ξuθ)2 + (
ξuφ
sin θ )
2
) 1
2
(6)
ξ =
r0
r
(7)
(8)
First. the volume of droplet is determined using divergence theorem that∫
v
dr∇ · F = ∫
s
(F · nˆ)dA.
In spherical coordinate,
∇ · F = 1
r2 sin θ
[
sin θ
∂
∂r
(r2F r) + r
∂
∂θ
(sin θF θ) + r
∂
∂φ
∂F φ
∂φ
]
(9)
Let F = 13rrˆ
∇ · F = 1
r2 sin θ
[
sin θ
∂
∂r
(
1
3
r3)
]
= 1 (10)
(11)
1
∫
v
dr∇ · F =
∫
v
dr = V (12)∫
v
dr =
∫
s
dA
1
3
r(nˆ · rˆ) (13)
=
∫
dΩ
r2
(nˆ · rˆ)
r
3
(nˆ · rˆ) (14)
=
∫
dΩ
r3
3
(15)
V =
∫
dΩ
r30(1 + u(Ω))
3
3
There is another way to understand this expression.
dV = volume of square pyramid =
1
3
a2h (16)
=
1
3
(r2dΩ)r = dΩ
r3(Ω)
3
(17)
Insert r = 1 +
∑
`,m u`,mY`,m(Ω) and expand.
V =
r30
3
∫
dΩ
1 +∑
`,m
u`,mY`,m(Ω)
3 (18)
=
r30
3
∫
dΩ
1 + 3∑
`,m
u`,mY`,m(Ω) + 3
∑
`,m
∑
`′,m′
u`,mu
∗
`′,m′Y`,m(Ω)Y
∗
`′,m′(Ω) +O(u3)

(19)
=
r30
3
4pi + 3(4pi) 12u00 + 3∑
`,m
|u`,m|2 +O(u3)
 (20)
= r30
4pi
3
+ (4pi)
1
2u00 +
∑
`,m
|u`,m|2
+O(u3) (21)
= r30
4pi
3
+ 4piu0 + 4piu
2
0 +
∑
`>0,m
|u`,m|2
+O(u3) let u0 = u00
(4pi)
1
2
(22)
=
4pir30
3
[
1 + 3u0 + 3u
2
0
]
+ r30
∑
`>0,m
|u`,m|2 +O(u3) (23)
=
4pir30
3
(1 + u0)
3 + r30
∑
`>0,m
|u`,m|2 +O(u3) (24)
2
The advantage of this form is that one can keep V =
4pir30
3 by choosing u0 to
satisfy
4pir30
3
(1 + u0)
3 + r30
∑
`>0,m
|u`,m|2 = 4pir
3
0
3
.
(1 + u0)
3 = 1− 3
4pi
∑
`>0,m
|u`,m|2 (25)
(26)
Then, we integrate dA = dΩ r
2
nˆ·rˆ to determine surface area of the droplet.
nˆ · rˆ =
(
1 + (ξuθ)
2 + (
ξuθ
sin θ
)2
)− 12
≈
(
1 +
ξ2
2
(u2θ +
u2φ
sin2 θ
)
)−1
(27)
A =
∫
dA =
∫
dΩ
r2
nˆ · rˆ (28)
=
∫
dΩ
(
r2 +
r20
2
(u2θ +
u2φ
sin2 θ
)
)
(29)
Then, the integration is done separately for the first term and the second
term:
∫
dΩ(u2θ +
u2φ
sin2 θ
) =
∫
dθ
∫
dφ sin θ
(
∂u
∂θ
∂u
∂θ
+
1
sin2 θ
∂u
∂φ
∂u
∂φ
)
inte by part
(30)
=
∫
dθ
∫
dφ u
(
− ∂
∂θ
(sin θ
∂u
∂θ
)− 1
sin θ
∂2u
∂φ2
)
(31)
=
∫
dθ
∫
dφ sin θu(− 1
sin θ
∂
∂θ
sin θ
∂
∂θ
− 1
sin2 θ
∂2
∂2φ
)u (32)
=
∫
dΩ uLˆ
2
u where Lˆ
2
Y`m = `(`+ 1)Y`m (33)
=
∫
dΩ
∑
`′m′
u∗`′m′Y
∗
`′m′(Ω)Lˆ
2∑
`m
u`mY`m(Ω) (34)
=
∑
`>0,m
|u`m|2`(`+ 1) (35)
3
∫
dΩ r2 =
∫
dΩ r20(1 + u)
2 (36)
=
∫
dΩ r20(1 + 2u+ u
2) (37)
= 4pir20 + 2r
2
0
∫
dΩ (4pi)
1
2Y ∗00(Ω)︸ ︷︷ ︸
=1
∑
`m
u`mY`m(Ω) + r
2
0
∫
dΩ
∑
`′m′
u∗`′m′Y
∗
`′m′(Ω)
∑
`m
u`mY`m(Ω)
(38)
= 4pir20 + 2(4pi)
1
2 r20u00 + r
2
0u
2
00 + r
2
0
∑
`>0,m
|u`,m|2 let u0 = u00
(4pi)
1
2
(39)
= 4pir20 + 8pir
2
0u0 + 4pir
2
0u
2
0 + r
2
0
∑
`>0,m
|u`,m|2 (40)
Now, we can write out the expression for area.
A =
∫
dΩ
(
r2 +
r20
2
(u2θ +
u2φ
sin2 θ
)
)
(41)
= 4pir20(1 + u0)
2 + r20
∑
`>0,m
|u`,m|2 + r
2
0
2
∑
`>0,m
`(`+ 1)|u`,m|2 (42)
= 4pir20(1 + u0)
2 + r20
∑
`>0,m
(1 +
`(`+ 1)
2
)|u`,m|2 (43)
We have the relation ship for constant volume that (1+u0)
3 = 1− 34pi
∑
`>0,m |u`,m|2.
From this, we can have the expression for (1 + u0)
2.
(1 + u0)
2 = (1− 3
4pi
∑
`>0,m
|u`,m|2) 23 (44)
= 1− 1
2pi
∑
`>0,m
|u`,m|2 + . . . (45)
Insert this, we have the expression of surface area of a droplet at constant
volume.
4
A = 4pir20(1 + u0)
2 + r20
∑
`>0,m
(1 +
`(`+ 1)
2
)|u`,m|2 (46)
= 4pir20(1−
1
2pi
∑
`>0,m
|u`,m|2) + r20
∑
`>0,m
(1 +
`(`+ 1)
2
)|u`,m|2 (47)
= 4pir20 + r
2
0
∑
`>0,m
(
`(`+ 1)
2
− 1)|u`,m|2 (48)
= 4pir20 +
r20
2
∑
`>0,m
(`(`+ 1)− 2)|u`,m|2 (49)
= 4pir20 +
r20
2
∑
`>0,m
(`+ 2)(`− 1)|u`,m|2 (50)
(51)
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